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Abstract

This paper develops a Bayesian cstimation vnder balanced loss
function for the parameter and sowe survival time parameters €.g.
reliability and hazard functions of the Rayleigh distribution based on
upper record values. non Lirear programming is used to obtain the
best values @, and @, of the balanced loss function of the form
Lp.0.6, (5(8);5)= wlq(e)p(50’5)+ wzQ(e)p(5(9)35)s w, =1 -a,.
Our computations are based on the balanced loss function which
contains the symmetric and asymmetric loss functions as special
cases. Comparisons are made between Bayesian and maximum
likelihood estimators via Monte Carlo simulation.
Keywords: Rayleigh distribution; Bayes estimates; Balanced loss

function; Record Statistics; non Linear programming.
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1. Introduction
The Rayleigh distribution is a special case of the Weibull
distribution, which provides a population model useful in several areas
of statistics including life testing and reliability which age with time
as its failure rate is a linear function of time. Estimations predictions
and some inferences concerning the Rayleigh distribution have been
discussed by many authors, i.e., Howlader and Hossain[1], Mostert et
al. [2], Fernndez [3], Soliman [4] , and Lee, et.al. [5] The probability
density function (pdf) and cumulative distribution function(cdf) of the
Rayleigh distribution, respectively, are given by
f(x)=2axexp[-ax’], x>0; a>0. (1)
and
f(x)=1—exp[—ax2], x20;a>0. 2)
Also, The reliability function R(#), and the hazard (instantaneous
failure rate) function H(#) at
mission time t for the Rayleigh distribution are given by
R(t) = exp[-at?], 120, (3)
and
H(t)=2ar, 120, @)
Record values arise naturally in many real life applications
involving data relating to sport, weather and life testing studies. Many
authors have been studied record values and associated statistics, for
example; see, Nagaraja [6], Ahsanullah [7], Arnold, et.al. [8],. Some
inferential methods based on record values for the Rayleigh, Weibull,
Inverse Weibull, Exponentiated Family, Lomax and Inverse Rayleigh,
function distributions are studied by Balakrishnan and Chan [9]..
Shojaee et al [10], Ahmed et al [11], Sultan [12], Sultan, et al [13],
Asgharzadeh, and, Fallah.. [14], Shawky.and Badr [15] .

(4)
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Let X, X,, X, X, a sequence of independent and identically
distributed (iid)random variables with cdf F(x) and pdf f (x). Set
Y, =max (X,, X,,X,, - X,), m21 we say that X, 1is an upper

record and denoted by X , () if ¥, >7Y Jj > 1 Assuming

Jj-1s
that X4, Xy2)» Xugysr Xy are the first m upper record values
arising from a sequence { X, } of iid Rayleigh variables with pdf is

given, by (1).

In this paper, non Linear programming is used to obtain the best
values @, and @, of the balanced loss function we obtain and
compare several techniques of estimation based on record statistics for
the Rayleigh distribution. As well as the survival time parameters,
namely the hazard and Reliability functions. Section 2 Record Values
and the Maximum likelihood estimators of the parameter, the
reliability and hazard functions. In Section 3, the Bayes estimators of
the parameters, the reliability and hazard functions are derived. This is
done using the gamma conjugate prior . The Bayes estimates are
obtained using both the symmetric loss function ( BSEL.) and the
asymmetric loss function Balanced linear-exponential (BLINEX)).In
section 4, a simulation study is discussed and results are presented.
Concluding remarks are presented in section 5.

2. Record Values and Maximum Likelihood Estimation
(MLE)

Suppose we observed the first m upper record values each of which
has the Rayleigh distribution whose pdf and cdf are, respectively,
given by (1) and (2). Based on those upper record values, for

simplicity of notation, we will use x, instead of X , (;y We have

the joint density function of the first m upper record
values x = x;,), Xy (2)s Xy()s Xy(m)1s given (see Arnold et al., 1998)

by

(5)
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m—1 )
./{.2,3~~-~~m(XU(1)aX{/(z)sXU(a)a """ Xu(m)):f(xu(m))l—[ f(xu(,)) s

OSX(/(I) <XU(2) <XU(3)’ """ <Xl/(m) <00, (5)
Where f(-), and F(-) are given, respectively, by (1) and (2) after
replacing x by x;,(,, The likelihood function based on the m upper

record values x is given by

Ax/x)=Qa) u exp[-aT, ), u=Txw - T=xvi (6
i=l )

. nd the log-likelihood function may be written as

L (a/x) = Ln(ﬂ) =mlLn (2a)— aTl, + i Ln (xU(,.)), 7

i=l
we obtain the estimators of by differentiating (7) with respect to the
parameter o and equating to zero, then the maximum likelihood
estimate (MLE), under upper record value, say &,, , is given by

m

Gy = T (8)

where T, is given by equation (6).
By the invariance property of the maximum likelihood estimator, we
can obtain the maximum likelihood estimator of reliability function
R(),, and H(t),, of R®) and H(t) are given by (3) and (4) after

replacing by & 4 in the form
km (’) = exp[— &MLtz]’ 120, ©)
m,()=2a1,, t20, (10)
3. Bayes Estimation
" this section, we derive the Bayes estimates of the parameter (a),

i.. reliability R(t) and the hazard functions H(z) of the Rayleigh

(6)
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distribution. We consider we use the balanced loss functions (BLF). It
is assumed a gamma(5, #) be a conjugate prior for (a) as

d 0, B,6>0
g(a)=?g(—5ja‘s_lexp[—ﬂa], >0, f.0> 1n

Combining the likelihood function in(6) with the prior pdf of & in
(11), we get the posterior of ¢ as

laeld) P
/4 (a/ _Jg) = — — am+ CXI{— av]

fl(a;z)g(a)da T(m+6) a>0 (12)

X = Xy Xy Ko@) Ny and  v= (B+T,) 13)

3. 1. the balanced loss function(BLF)
The balanced loss function introduced by Zellner [16]. Jafari Jozani
et al.[17] introduced an extended class of BLF of the form

Lpws, (5(‘9);5) = le(e)P(§0 > 5)"‘ a)zq(ﬁ)p(§(0), 5)’ @, =1-a, where

q(')is a suitable positive weight function and p(£(6),8) is an arbitrary
loss function when estimating .f(@)by 8 The parameter &y is a chosen
priori estimator of ﬂe),obtained for instance from the criterion of

maximum likelihood, least squares or unbiasedness among others.
They give a general Bayesian connection between the case of

o, > 0and @, = 0where 0 < w, <1.Bychoosing p(f(@); 5)=(6- 5(9))2
and ¢(#)=1, the BLF reduced to the balanced squared error loss
(BSEL) function, used by Ahmadi et al.(2009a,b), .[18] .[19] in the
form L, 5. E@)6)=w, @ -7, )Y +0,p(5 - £(0)) and the
corresponding Bayes estimate of the function & (0) is given by

B4 e.6, (x)= 6, + »,E(¢(0)/x) (14)

(7)
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Also, by choosing  p(£(8),5) = exp [c(5 - E(O))]-c(s - £(0))-1
and ¢q (0) =1 we get the balanced (BLINEX) loss function written as

L, ()= 0 [Bxple(6 - 5,)}- (6 - 8,)~ 1]+ @, [Exple(6 ~ £(0)) - (6 - £(0)) 1]

for which the Bayes estimate of f(@) takes the form

omen @)= Lilafl-ca ) ofexpl-cs@)s] a9

where ¢ # 0 is the shape parameter of BLINEX loss function.

3.1.1. Estimates Based on balanced Squared Error Loss
Function(BSEL)

based on BSEL function, and by using (14) the Bayes estimate of a
function 1 = a, R(¢)or H(t) is given by

iBSI{L = a’l/i‘,,,, + a)zE((}“) E) (16)
where 1, is the ML estimate of 4 = &, R(t)or H(r) and E((4)/x)

can be obtained using

E(1/x)= fﬂ,ﬂ (a/x)da

Under BSEL loss function, and by using (16), the Bayes estimator
Q 5oy fOT als

Ay = @, Gy + a)zE(a/ E) (17)

where @ is the ML estimate of a , which can be obtained using (8)
and E(z/x)can be obtained using

Bafs) = [ enlaf)

m+§ m+§

:(;[F(m+5)v exp[ av]da =

(m+9)

(18)

(8)
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Also, the Bayes estimates R, and H ,,, of the reliability R(?) and

the HRE’s H(?) at a mission time t relative to balanced Squared Error
Loss Function are

RBSEL = a)ljé(t )A,,, + sz((R(t ))/ E) 19)
where R(t),, is the ML estimate of R(r) which can be obtained using
(9) and E(R(¢)/x)can be obtained using

m+8  m+d—1

E(R(t)/x) =V£Tml+—5)exp[—at2]v a™ " expl-av]da

t2 ~(m+3)
- (1 " —V-) 20)

I:IBSEL = a’nﬁ(t) m T sz((H(t))/E)
where H(r),, is the ML estimate of H () R(¢) which can be obtained
using (10) and E( H | (t)/x)can be obtained using

E(H()/x) = La 2at n(e/x)da
_ 2t( m+o j an

v

and

Where v is given in (13).

To find the best values? and #2 of the balanced loss function in the

~

estimator Agse = @Ay, + %E((ﬂ)/ Z) we need to solve the following

optimization that minimizes its mean square error
A A 2 n
MSE(ZBSEL)_—' E(/ALBSEL - /1) =E[(o4,, + o,B((2)/x)- A

that minimizes MSE Have been obtained by non ®! The value of
linear programming

(9)



Journal of Management Sciences Vol? 9 No:4 , January - June 2014

"A Bayesian Analysis of Record Statistics" aseu slgé .a

Minimize:MSE(/iBSEL)=E(/{;S,;L A)= E[(a)lﬂ +,E((A)x)- A

ML

subject to: :
Wy + Wy =1 y
0< o < 1,

OSCOz <1.

3.1.2. Estimates Based on balanced LINEX Error Loss

Function(BLINEX)
based on the BLINEX loss function, the Bayes estimate the function
A is obtained by using (15) and written as

~

1 .
Apingxy == Z Ln[“’l Exp [_ Ay ]+ W, E(eXp[_ C’l]/ﬁ)] 22)

where 4,, is the ML estimate of 2 . Under the BLINEX loss function,
and by using (22), the Bayes estimator 4 ,,,, for aris given by

n 1 n
Aglinex = _'c' Ln[a)l Exp [_ cayy, ]+ sz(eXp[_ ca]/l‘)] (23)

where a,, is the ML estimate of «
and E(exp[— ¢ «]/x) can be obtained using

E(expl-cal/x) = Jexp[— calr(a/x)da

exp[-a(v + c)|da

o0
J' m+5 m+6=1
0 m+5

—(m+6)
e
v

24)

(10)



Also, the Bayes estimates R,,, and H,,, of the reliability R(¢) and
the HRF’s H(t) at a mission time t relative to balanced LINEX Loss
Function R B = w;ﬁ(t) T a)zE((— c R(t))/ 5)

~ where R(t),, is the ML estimate of R(#) and E(exp[-c¢ R(1)]/x) can be
obtained using

,E'(qxp[— cROYx) T IGXP[— c R()z(a/x)da

9]

T

(v
( ’} 25)

ISIBSEL = a’ll_}(t)m + a’zE((_ 4 H(t))/_’ﬁ)
Hewlcr@)y) = Jepl-eHOlr(afxda

m+o m+5-1 exp[— c exp[— at ]exp[—- a v] }Ia

8

and

v gm0 expl - a(v+ 2t c)da

Tl
- JF(m+§)

( 2ctj
1+5=— (26)
v

Where v is given in (13).
Our first estimator is based on findingw, that the minimizes the

mean square errors Here we are looking o, and o, in the estimator

. 1
Agivex = e Ln [a)l Exp [_ Ay, ]'*' sz(eXp[_ c’l]/.’ﬁ)]
that minimizes its mean square error

A 1
MSE(/lBL INK )= (—; Ln[a)1 Exp[— Ay, ] + a)zE(exp[— c/i]/g)]—

(11)
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The value of  that minimizes MSE Have been obtained by non
linear programming as following:

Minimize : MSE(Aygs, )= BlA g, — 4)= El(@, 2, +@,B((2)/x)- )

ML

MinimizeMSlf/iBL ,NX) = (——l LAm, Ex‘z{— Aoy |+ a)zE(ex;{— A/ x)]-2)
c

subject to:

W, +w, =1

0<w <1

0<w, <1,
BY solving this non linear programming problem (using
mathematica5.2,proc LP)
4. Simulation Study and Comparisons

We obtained, in the above Sections, Bayesian and non-Bayesian

estimates for the shape parameter (a), reliability, R(f), and failure
rate, H(#), functions of the Rayleigh distribution. We adopted the
squared error loss, LINEX loss and balanced loss functions. The
MLE’s are also obtained. In order to compare the ML and Bayes

estimates, we calculate the mean square error for each estimate
according the following steps:

1. For given values (5 B ), we generate a random value @ . from the
prior pdf (11).

2. By using the value o from step 1, we generate m , (m=4, 5, 6, 7)
upper record values from Rayleigh distribution whose pdf is given
by equation (1),

3. The different estimates of & , R(f) and H(f) at time ¢ (chosen to be

0 .4) are computed.

4. Steps 1 to 3 are repeated 10,000 times and the mean square error

(MSE) for each estimate (say 6 ) was calculated by using

(12)
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A | 10000 5
msE(f)=—— 3. (6;-0)
10000 ;5
where @ is the estimate at the i run.
Table 1,2 and 3 given below shows the mean squared error of the
different estimates based on
10000 runs of Monte Carlo simulation and records up to 7.

(13)
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5. Concluding Remarks
In this paper we have presented. non Linear programming is used to
obtain the best values @, and @, of the balanced loss function the

Bayesian and non-Bayesian estimates of the parameter o , reliability,

R(7), and failure rate, H(f), functions of the lifetimes follow the

Rayleigh distribution. The estimation are conducted on the basis of

upper record values. Bayes estimators, under balanced squared error

loss, balanced LINEX loss functions. are derived. The MLE’s are also
obtained.
Our observations about the results are stated in the following points:

1. from all Tables shows that the Bayes estimates under balanced
LINEX loss function have the smallest estimated MSE’s as
compared with the estimates under LINEX loss function, balanced
Squared Error Loss Function, Squared Error Loss Function or
MLE’s. On the other hand the Bayes estimates under balanced
Squared Error Loss Function have the smallest estimated MSE’s
as compared with the estimates under Squared Error Loss
Function or MLE’s. Also, the Bayes estimates under the LINEX
loss function have the smallest estimated MSE’s as compared with
the estimates under Squared Error Loss Function. The results also
show that the MSEs decreases as m increasing.

2. For estimating @ in the case of small record sample size, it is
recommended that one uses the Bayes method of estimation. Note
that (see Tables 1) when the sample size is small
(m = 4), the ML method has a large MSE.

3. To access the effect of the shape parameter of the asymmetric
loss FunctionC we examine different values of C we see that if
C is near to 0 then the Bayes estimates are almost the same as the
estimates under SEL, (see Tables 1) This is one of the useful
properties of working with the asymmetric loss functions.

(17)



Journal of Management Sciences Vol: 9 No:4 , January - June 2014

"A Bayesian Analysis of Record Statistics" auwuw alga .

REFERENCES:

[1] Howlader, H. A., Hossain, A. (1995). On Bayesian estimation and
prediction from Rayleigh distribution based on Type-II censored data.
Commun. Statist. Theor. Meth. 24(9):2249-2259.

[2] Mostert, P. J., Bekker, A., Roux, J. J. J. (1998). Bayesian analysis of
survival data using the Rayleigh model and LINEX loss. South African
Statist. J. 32:19-42,

[3], Fernndez, A. J. (2000). Bayesian inference from type Il doubly
censored Rayleigh data. Statist. Probab. Let. 48:393-399.

[4] Soliman A. A. (2000). Comparison of linex and quadratic Bayes
estimators for the Rayleigh distribution. Commun. Statist. Theor. Meth.
29(1):95-107. ‘

[5] Lee, K.R,, Kapadia, C.H. and Dwigh, B.B. (1980). On estimating the
scale parameter of the Rayleigh distribution from doubly censored samples.
Statist. Hefte., 21, 14-29.

[6] Nagaraja. H.N (1988). Record values and related statistics - A review,
Commum. Statist.-Theor. Meth., 17: 2223 - 2238.

[7] Ahsanullah, M. (1995). Record Statistics. New York: Nova Science
Publishers.

[8] Arnold, B. C., Balakrishnan, N. and Nagaraja, H. N. (1998). Records.
John Wiley & Sons, New York.Jafari Jozani, M., Marchand, E., Parsian, A.
(2006). On estimation with weighted balanced- type loss function. Statistics
& Probability Letters, 76, 773-780.

[9].Balakrishnan .N, Chan. P.S. .(1993). Record values from Rayleigh
and Weibull distributions and associated inference. National Institute of
Standards and Technology Journal of Research, Special Publications, 866:
41-51.

[10] Shojaee Omid, Reza Azimi, Manoochehr Babanezhad. (2012).
Empirical bayes estimators of parameter and reliability function for
compound rayleigh distribution under record data. American Journal of
Theoretical and Applied Statistics. 1(1) : 12-15

[11].Ahmed. A , Soliman, A.H. Abd Ellah ,A.H, Sultan. K.S . (2006).
Comparison of estimates using record statistics fromWeibull model:
Bayesian and non-Bayesian approaches. Computational Statistics & Data
Analysis 51 2065 - 2077

(18)



Journal of Management Sciences Vol: 9 No:4 , January - June 2014

"A Bayesian Analysis of Record Statistics" asaw alaé .2

[12] Sultan, K. S. (2008). Bayesian Estimates Based on Record Values
from the Inverse Weibull Lifetime Model. Quality Technology &
Quantitative Management .Vol. 5, No. 4, pp. 363-374.

[13] Sultan, K.S., Moshref, M.E. and Abd-El-Hakim, N. S. (2001).
Estimation of parameters of Lomax distribution based on record values. The
Egyptian Statistical Journal, 45(2), 135-142.

[14] Asgharzadeh, A. , Fallah. A. (2011). Estimation and Prediction for
Exponentiated Family of Distributions Based on Records. Communications
in Statistics—Theory and Methods, 40: 68-83.

[15] . Shawky. A.L. Badr M. M. (2006). Estimations and Prediction from
the Inverse Rayleigh Model Based on Lower Record Statistics. Life Science
Journal;9(1)

[16] Zellner, A. (1994). Bayesian and Non-Bayesian estimation using
balanced loss functions.Statistical Decision Theory and Methods V; (J.O.
Berger and S.S. Gupta Eds). New York: Springer-Verlag, 337-390.

[17] Jafari Jozani, M., Marchand, E., Parsian, A. (2006). On estimation with
weighted balanced- type loss function. Statistics & Probability Letters, 76,
773-780.

[18] Ahmadi, J., Jafari Jozani, M., Marchand, E., Parsian, A. (2009a).
Prediction of k-records
from a general class of distributions under balanced loss functions. Metrika
70:19-33.

[19] Ahmadi, J., Jafari Jozani, M., Marchand, E., Parsian, A. (2009b). Bayes
estimation based on

k-record data from a general class of distributions under balanced type loss
functions.

J. Statist. Plann. Infer. 139:1180-1189.

(19)



Journal of Management Sciences Vol: 9 No:4 , January - June 2014

"A Bayesian Analysis of Record Statistics" asew al3s .a

3BT A5 gt By Ll Tat1d Cooeli o gl saglad 43 ot 120 (8
CLLd e slaiaWly oy ) o) 3 kolixell (W13 adgaell (1139 adlae
at® Jadl sloes® Uudadelt (I Jumamdt ol il o3 Coo - Ldatt Jaloeualt
Aaal! Ofs A3 et Byludett (I @, 9 @ 3
L 505, (£(0):6) = 0,9(0)p(6,,6)+ 0,4(0)p(£(6):5), @, =1-a,
A1y alddeiuly atao¥l GLeas ¥l Olydde ge joe Ol e Jadylie Craly
A wly e BleTel! jidg tilalialt 3y Lundett J19.99 4331 97att 3y Luuedt
Bl ol

(20)


http://www.tcpdf.org

